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Abstract
Let σ = {σi|i ∈ I} be a partition of the set of all primes P and G a finite group. Let
σ(G) = {σi : σi ∩ pi(G) 6= ∅. A set H of subgroups of G is said to be a complete Hall σ-set of
G if every member 6= 1 of H is a Hall σi-subgroup of G for some i ∈ I and H contains exactly
one Hall σi-subgroup of G for every i such that σi ∈ σ(G). We say that G is σ-full if G possesses
a complete Hall σ-set. A complete Hall σ-set H of G is said to be a σ-basis of G if every two
subgroups A,B ∈ H are permutable, that is, AB = BA.
In this paper, we study properties of finite groups having a σ-basis. In particular, we prove
that if G has a a σ-basis, then G is generalized σ-soluble, that is, G has a complete Hall σ-set and
for every chief factor H/K of G we have |σ(H/K)| ≤ 2. Moreover, answering to Problem 8.28 in
[3], we prove the following
Theorem A. Suppose that G is σ-full. Then every complete Hall σ-set of G forms a σ-basis of
G if and only if G is generalized σ-soluble and for the automorphism group G/CG(H/K), induced
by G on any its chief factor H/K, we have either σ(H/K) = σ(G/CG(H/K)) or σ(H/K) = {σi}
and G/CG(H/K) is a σi ∪ σj-group for some i 6= j.
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1 Introduction
Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, P is the
set of all primes, pi = {p1, . . . , pn} ⊆ P and pi′ = P \ pi. If n is an integer, the symbol pi(n) denotes
the set of all primes dividing n; as usual, pi(G) = pi(|G|), the set of all primes dividing the order of
G.
In what follows, σ is some partition of P, that is, σ = {σi|i ∈ I}, where P =
⋃
i∈I σi and
σi ∩ σj = ∅ for all i 6= j. By the analogy with the notation pi(n), we write σ(n) to denote the set
{σi|σi ∩ pi(n) 6= ∅}; σ(G) = σ(|G|).
A complete set of Sylow subgroups S of G contains exactly one Sylow p-subgroup for each prime
p, that is, S = {1, P1, . . . Pt}, where Pi is a Sylow pi-subgroup of G and pi(G) = {p1, . . . , pt}. The set
S is said to be a Sylow basis of G provided every two subgroups P,Q ∈ S are permutable, that is,
PQ = QP .
In general, we say that a setH of subgroups of G is a complete Hall σ-set of G [3] if every member
6= 1 of H is a Hall σi-subgroup of G for some σi ∈ σ and H contains exactly one Hall σi-subgroup of
G for every σi ∈ σ(G). We say that G is σ-full [3] if G possesses a complete Hall σ-set. A complete
Hall σ-set H of G is said to be a σ-basis of G [2] if every two subgroups A,B ∈ H are permutable,
that is, AB = BA.
In this paper we deal with the following two generalizations of solubility.
Definition 1.1. We say that G is:
(i) σ-soluble [2] if |σ(H/K)| = 1 for every chief factor H/K of G.
(i) generalizedσ-soluble if G is σ-full and |σ(H/K)| ≤ 2 for every chief factor H/K of G.
Before continuing, consider three classical cases.
Example 1.2. (i) In the classical case, when σ = σ0 = {{2}, {3}, . . .}, G is σ0-soluble if and
only if it is soluble. Note also that in view of the Burnside’s paqb-theorem, G is σ0-soluble if and
only if it is generalized σ0-soluble.
(ii) In the other classical case, when σ = σpi = {pi, pi′} G is: σpi-soluble if and only if G is pi-
separable; generalized σpi-soluble if and only if G has both a Hall pi-subgroup and a Hall pi′-subgroup.
(iii) In fact, in the theory of pi-soluble groups (pi = {p1, . . . , pn}) we deal with the partition
σ = σ0pi = {{p1}, . . . , {pn}, pi
′} of P. Note that G is σ0pi-soluble if and only if it is pi-soluble. Note
also that G is generalized σ0pi-soluble if and only if the following hold: (a) G has both a Hall pi-
subgroup E and a Hall pi′-subgroup, and (b) (H ∩ E)K/K is a Sylow subgroup of H/K for every
chief factor H/K of G.
The well-known Hall’s theorem states that G is soluble if and only if it has a Sylow basis. This
classical result makes natural to ask: Does it true that G is σ-soluble if and only if it has a σ-basis?
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A partial confirmation of this hypothesis is given by the following
Theorem 1.3 (See Theorem A in [2]). Every σ-soluble group possesses a σ-basis
Now consider the following
Example 1.4. Let σ = {{2, 3}, {5}, {2, 3, 5}′}, and let G = A5 × (C11 ⋊Aut(C11)), where A5 is
the alternating group of degree 5 and C11 is a group of order 11. Let A4 ≃ A ≤ A5 and B a Sylow
5-subgroup of A5. Let H1 = AC2, H2 = BC5 and H3 = C11, where C5 × C2 = Aut(C11)). Then
the set {H1,H2,H3} is a σ-basis of G. Nevertheless, G is not σ-soluble. This example shows that in
general the answer to above question is negative.
Nevertheless, the following result is true.
Theorem A. Suppose that G possesses a complete Hall σ-set H.
(i) If H is a σ-basis of G, then G is generalized σ-soluble.
(ii) If H ≤ A ∈ H and HV x = V xH for all x ∈ G and all V ∈ H such that (|H|, |V |) = 1, then
HG is generalized σ-soluble.
In view of the Burnside’s paqb-theorem, in the case where σ = {{2}, {3}, . . .} we get from Theorem
A(ii) the following
Corollary 1.5 (Isaaks [6]). If a p-subgroup H of G permutes with all Sylow subgroups P of G
such that (p, |P |) = 1, then HG is soluble.
Corollary 1.4. If H ∈ H and HV x = V xH for all x ∈ G and all V ∈ H such that (|H|, |V |) = 1,
then G is σ′i-soluble where σ(H) = {σi}.
Corollary 1.6 (Borovikov [7]). If a Sylow p-subgroup P of G is permutes with all Sylow sub-
groups Q of G such that (p, |Q|) = 1, then G is p′-soluble.
The integers n and m are called σ-coprime if σ(n) ∩ σ(m) = ∅.
In fact, Theorem A(i) is a corollary of the following fact.
Theorem B. Suppose that G = A1A2 = A2A3 = A1A3, where A1 is σ-soluble and A2 and A3
are generalized σ-soluble subgroups of G. If for some i, j, k ∈ I the three indices |G : NG(O
σi(A1))|,
|G : NG(O
σj (A2))|, |G : NG(O
σk(A3))| are pairwise σ-coprime, then G is generalized σ-soluble.
Corollary 1.7. Suppose that A1 is a σ-soluble subgroup and A2 and A3 are generalized σ-soluble
subgroups of G. If the three indices |G : A1|, |G : A2|, |G : A3| are pairwise σ-coprime, then G is
generalized σ-soluble.
Corollary 1.8. Suppose that G = A1A2 = A2A3 = A1A3, where A1, A2 and A3 are soluble
subgroups of G. If the three indices |G : NG(A1)|, |G : NG(A2)|, |G : NG(A3)| are pairwise coprime,
then G is soluble.
Corollary 1.8. (H. Wielandt). If G has three soluble subgroups A1, A2 and A3 whose indices
|G : A1|, |G : A2|, |G : A3| are pairwise coprime, then G is itself soluble.
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Following [3], we use Hσ to denote the class of all σ-full groups G such that every complete Hall
σ-set of G forms a σ-basis of G.
In [5, VI, Section 3], Huppert described soluble groups G in which every complete Sylow set of
G forms a Sylow basis of G. The results in [5, VI, Section 3] are motivations for the following two
questions.
Question 1.9 (See Problem 8.29 in [3]). Describe groups in Hσ .
Question 1.10 (See Problem 8.30 in [3]). Describe σ-soluble groups groups in Hσ ∩Sσ
As one more application of Theorem A, we prove the following result, which gives the answer to
Question 1.9.
Theorem C. Suppose that G is σ-full. Then every complete Hall σ-set of G forms a σ-basis of G
if and only if G is generalized σ-soluble and for the automorphism group G/CG(H/K), induced by
G on any its chief factor H/K, we have |σ(G/CG(H/K))| ≤ 2 and also σ(H/K) ⊆ σ(G/CG(H/K))
in the case |σ(G/CG(H/K))| = 2.
ON the base of Theorem C we prove the following result which gives the answer to Question 1.10.
Theorem D. Suppose that G is σ-soluble. Then the following statements are equivalent:
(i) Every complete Hall σ-set of G forms a σ-basis of G.
(ii) The automorphism group G/CG(H/K), induced by G on any its chief factor H/K with
σ(H/K) = {σi}, is either a σj-group or a σi ∪ σj-group for some j 6= i.
(iii) G ≃ G∗/R, where G∗ ≤ A1 × · · · ×At for some σ-biprimary σ-soluble groups A1, . . . , At.
Note that Satz 3.1 in [5, VI] can be obtained as a special case of Theorem B, when σ =
{{2}, {3}, . . .}.
Finally, we prove the following
Theorem E. If G possesses a complete Hall σ-set H with |G : NG(H)| is σ-primary for all
H ∈ H, then G is generalized σ-soluble.
Corollary 1.11 (See Zhang [11] or Guo [12, Theorem 3]). If for every Sylow subgroup P of G
the number |G : NG(P )| is a prime power, then G is soluble.
2 Preliminaries
We use Sgσ to denote the class of all σ-soluble groups.
The direct calculations show that the following lemma is true
Lemma 2.1. (i) The class Sgσ is closed under taking products of normal subgroups, homo-
morphic images and subgroups. Moreover, any extension of the generalized σ-soluble group by a
generalized σ-soluble group is generalized a σ-soluble group as well.
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(ii) If G/R,G/N ∈ Sgσ, then G/R ∩N ∈ Sgσ.
(iii) Sgσ ⊆ Sgσ∗ for any partition σ
∗ = {σ∗j | j ∈ J} of P such that J ⊆ I and σj ⊆ σ
∗
j for all
j ∈ J .
Recall that G is said to be: a Dpi-group if G possesses a Hall pi-subgroup E and every pi-subgroup
of G is contained in some conjugate of E; a σ-full group of Sylow type [1] if every subgroup of G is
a Dσi-group for every σi ∈ σ.
In view of Theorem B in [2], the following fact is true.
Lemma 2.1. If G is σ-soluble, then G is a σ-full group of Sylow type.
Let Π ⊆ σ. A natural number n is said to be a Π-number if σ(n) ⊆ Π. A subgroup A of G is
said to be: a Π-subgroup of G if σ(G) ⊆ Π; a Hall Π-subgroup of G [1] if |A| is a Π-number and
|G : A| is a Π′-number
We use Hσ to denote the class of all groups G such that G has a complete Hall σ-set H =
{H1, . . . ,Ht} satisfying the condition H
x
i H
y
j = H
y
jH
x
i for all x, y ∈ G and all i 6= j. Note that in
view of Lemma 2.1, each σ-biprimary σ-soluble group belongs to the class Hσ.
Lemma 2.2. The class Hσ is closed under taking homomorphic images and and direct products.
Moreover, if G is a σ-full group of Sylow type and E ≤ G ∈ Hσ, then E ∈ Hσ.
Proof. Let R be a normal subgroup of G ∈ Hσ . By hypothesis, G has a complete Hall σ-set
H = {H1, . . . ,Ht} satisfying the condition H
x
i H
y
j = H
y
jH
x
i for all x, y ∈ G and all i 6= j.
Then H0 = {H1R/R, . . . ,HtR/R} is a complete Hall σ-set of G/R such that
(HiR/R)
xR(HjR/R)
yR = Hxi H
y
jR/R = H
y
jH
x
i R/R
= (HjR/R)
yR(HiR/R)
xR.
Thus G/R ∈ Hσ. Therefore the class Hσ is closed under taking homomorphic images.
Now we show that the class Hσ is closed under taking direct products. It is enough to show that
if A,B ∈ Hσ , then G = A × B ∈ Hσ . Let A = {A1, . . . , An} be a complete Hall σ-set of A and
B = {B1, . . . , Bm} be a complete Hall σ-set of B such that A
a1
i A
a2
j = A
a2
j A
a1
i for all a1, a2 ∈ A and
all i 6= j and Bb1i B
b2
j = B
b2
j B
b1
i for all b1, b2 ∈ B and all i 6= j. We can assume without loss of
generality that 1 ∈ A ∩ B and that σ(G) = {σ1, . . . σt}. Therefore for every i there are indices ai
and bi such that Aai × Bbi is a Hall σi-subgroup of G. Moreover, if x = a1b1 and y = a2b2, where
a1, a2 ∈ A and b1, b2 ∈ B, then
(Aai ×Bbi)
x(Aaj ×Bbj)
y = (Aa1ai ×B
b1
bi
)(Aa2aj ×B
b2
bj
)
= (Aa2aj ×B
b2
bj
)(Aa1ai ×B
b1
bi
) = (Aaj ×Bbj )
y(Aai ×Bbi)
x.
Hence Aa1 ×Bb1 , . . . , Aat ×Bbt is a σ-basis of G. Thus G ∈ Hσ .
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Finally, assume that G is a σ-full group of Sylow type. Then for every complete Hall σ-set
E = {E1, . . . , Er} of E there is a complete Hall σ-set H = {H1, . . . ,Ht} of G such that Ei = Hi ∩E
for all i = 1, . . . t. We can assume without loss of generality that Ei is a σi-group.
Now let Π = {σi, σj}. Then for x, y ∈ E we have 〈E
x
i , E
y
j 〉 ≤ E ∩H
x
i H
y
j , where E ∩H
x
i H
y
j is a
Pi-subgroup of E and so |E ∩Hxi H
y
j | ≤ |E
x
i ||E
y
j |. Hence 〈E
x
i , E
y
j 〉 = E
x
i E
y
j . Thus E ∈ Hσ.
The lemma is proved.
The next lemma is evident.
Lemma 2.3. If the chief factors H/K and T/L of G are G-isomorphic, then CG(H/K) =
CG(T/L).
We use Xσ to denote the class of all generalized σ-soluble groupsG such that for the automorphism
group G/CG(H/K), induced by G on any its chief factor H/K, we have |σ(G/CG(H/K))| ≤ 2 and
also σ(H/K) ⊆ σ(G/CG(H/K)) in the case |σ(G/CG(H/K))| = 2.
Lemma 2.4. The class Xσ is closed under taking homomorphic images, direct products and
subgroups.
Proof. Let R be a normal subgroup of G ∈ Xσ . Then G/R is generalized σ-soluble and for any
chief factor (H/R)/(K/R) of G/R we have CG/R((H/R)/(K/R)) = CG(H/K)/R, where H/K is a
chief factor of G. Hence G/R ∈ Xσ, so the class Xσ is closed under taking homomorphic images.
Now let G = A1×A2, where A1, A2 ∈ Xσ. The Jordan-Ho¨lder theorem for groups with operators
[8, A, 3.2] implies that for every chief factor H/K of G, there is i such that some chief factor T/L
of G below Ai is G-isomorphic to H/K. Moreover, T/L is a chief factor of Ai and G/CG(T/L) ≃
Ai/CAi(T/L). Hence, by Lemma 2.3, G ∈ Xσ , so the class Xσ is closed under taking direct products.
Finally, we show that if G ∈ Xσ and E ≤ G, then E ∈ Xσ.
Let 1 = G0 < G1 < · · · < Gt−1 < Gt = G be a chief series of G. Let H/K be any chief factor of
E such that Gl−1 ∩E ≤ K < H ≤ Gl ∩E for some l.
Since
CG(Gl/Gl−1) ∩ E ≤ CE(Gl ∩ E/Gl−1 ∩ E) ≤ CE(H/K),
|σ(E/CE(H/K))| ≤ 2. Moreover, if |σ(E/CE(H/K))| = 2, then |σ(G/CG(Gl/Gl−1))| = 2, σ(G/CG(Gl/Gl−1)) =
σ(E/CE(H/K))) and σ(Gl/Gl−1) ⊆ σ(G/CG(Gl/Gl−1)). Hence from the isomorphism E ∩Gl/E ∩
Gl−1 ≃ (E ∩ Gl)Gl−1/Gl−1 we get that σ(H/K) ⊆ σ(E/CE(H/K)). Now applying the Jordan-
Ho¨lder theorem for groups with operators [8, A, 3.2] we get that E ∈ Xσ . Therefore the class Xσ is
closed under taking subgroups.
The lemma is proved.
A class of groups is a collection X of groups with the property that if G ∈ X and if H ≃ G, then
H ∈ X. The symbol (Y) [8, p. 264] denotes the smallest class of groups containing Y.
For a class X of groups we define, following [8, p. 264]:
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S(X) = (G : G ≤ H for some H ∈ X);
Q(X) = (G : G is an epimorphic image of some H ∈ X);
D0(X) = (G : G = H1 × · · · ×Hr for some H1, . . . ,Hr ∈ X);
R0(X) = (G : G has normal subgroups N1, . . . , Nr with all G/Ni ∈ X) and N1 ∩ · · · ∩Nr = 1).
We say, following [10], that a class X of groups is a semiformation if
S(X) = X = Q(X).
The following fact is well-known (see, for example, [13, p. 57]).
Lemma 2.5. If A ≃ B ≤ G, then for some G∗ ≃ G we have A ≤ G∗.
Lemma 2.6. Let X be a class of groups.
(1) If X is a semiformation, then S(D0(X))=R0(X).
(2) Q(R0(X)) ⊆ R0(Q(X)).
(3) R0(R0(X)) = R0(X).
Proof. (1) Let M = S(D0(X)) and H = R0(X). First suppose that G ∈ M. Then, in view of
Lemma 2.5, G ≤ H1 × · · · ×Hr for some H1, . . . ,Hr ∈ X. We show that G ∈ H. If r = 1, it is clear.
Now assume that r > 1 and let Ni = H1 × · · ·Hi−1Hi+1 × · · · ×Hr for all i = 1, . . . , r. Then
G/G ∩Ni ≃ GNi/Ni ≤ (H1 × · · · ×Hr)/Ni ≃ Hi ∈ X.
It is clear also that G∩N1, . . . G∩Nr are normal subgroups of G with (G∩N1)∩ · · · ∩ (G∩Nr) = 1.
Hence G ∈ H. Therefore M ⊆ H.
Now suppose that G ∈ H, that is, G has normal subgroups N1, . . . , Nr with all G/Ni ∈ X
and N1 ∩ · · · ∩ Nr = 1. Then, by Lemma 4.17 in [8, A], G is isomorphic with a subgroup of
(G/N1)× · · · × (G/Nr). Hence G ∈ M, so H ⊆ M. Therefore we have (1).
(2), (3) See respectively Lemmas 1.18(b) and Lemma 1.6 in [8, II].
The lemma is proved.
Lemma 2.7. Let X be a semiformation of groups. Suppose that F is the class of groups A which
can be represented in the form A ≃ A∗/R, where A∗ ≤ A1 × · · · × At for some A1, . . . , At ∈ X. If
G/R,G/N ∈ F, then G/(R ∩N) ∈ F.
Proof. We can assume without loss of generality that R ∩N = 1. Then, by Lemma 2.5,
G ∈ R0(Q(S(D0(X)))) = R0(Q(R0(X))) ⊆ Q(R0(R0(X))) = Q(R0(X) = Q(D0(X))) ⊆ F.
The lemma is proved.
Lemma 2.8. Let G = RH1 · · ·Hn, where [H
G
i ,H
G
j ] = 1 for all i 6= j and R is normal in G. Then
G ≃ G∗, where G∗ ≤ (RH1)× · · · × (RHn).
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Proof. See pages 671–672 in [5].
Lemma 2.9 (See [14, 2.2.8]). If F is a non-empty formation and N , R be subgroups of G, where
N is normal in G.
(i) (G/N)F = GNN/N.
(ii) If G = RN , then GNN = RNN .
Lemma 2.10. Suppose that G has a σi-subgroup A 6= 1 and a σj-subgroup B 6= 1 such that
ABx = BxA for all x ∈ G. If Oσi∪σj (G) = 1, then [A
G, BG] = 1.
Proof. By hypothesis, A(Bx)y = (Bx)yA for all x, y ∈ G and
D = 〈AB
x
〉 ∩ 〈(Bx)A〉 ≤ ABx,
where D is subnormal in G by [9, 1.1.9(2)]. Then D ≤ Oσi∪σj (G) = 1, so Then [A,B
x] ≤
[〈AB
x
〉, 〈Bx)A〉] ≤ D = 1. Therefore [Ax, By] = 1 for all x, y ∈ G and so [AG, BG] = 1. The
lemma is proved.
3 Proofs of the results
Proof of Theorem B. Suppose that this theorem is false and let G be a counterexample with |G|
minimal. We can assume without loss of generality that i = 1, j = 2 and k = 3.
(1) If R is a minimal normal subgroup of G, then G/R is generalized σ-soluble. Hence R is the
unique minimal normal subgroup of G and R is not generalized σ-soluble. Thus CG(R) = 1.
First note that if Ai ≤ R, then for j 6= i we have G = AiAj = RAj , so G/R ≃ Aj/Aj ∩ R is
generalized σ-soluble.
Now suppose that Ai  R for all i = 1, 2, 3. For any group A and any l ∈ I we have Oσl(A) =
AGσl , where Gσl is the class of all σl-groups. Therefore O
σl(A)R/R = Oσl(AR/R) by Lemma 2.10(ii).
Hence
NG(O
σl(A))R/R ≤ NG(O
σl(A)R)/R = NG/R(O
σl(AR/R).
Hence the three indices |(G/R) : NG/R((O
σ1(A1))|, |(G/R) : NG/R(O
σ2(A2))|, and |(G/R) : NG/R(O
σ3(A3))|
are pairwise σ-coprime. On the other hand, clearly, A1R/R ≃ A1/A1 ∩R is σ-soluble and AiR/R ≃
Ai/Ai ∩ R is generalized σ-soluble for all i = 2, 3. Therefore the hypothesis holds for G/R, so G/R
is generalized σ-soluble by the choice of G. Hence R is not generalized σ-soluble and R is the unique
minimal normal subgroup of G by Lemma 2.1(ii). Therefore, since CG(R) is normal in G, CG(R) = 1.
(2) At least two of the subgroups A1, A2, A3 are not σ-primary.
Indeed, if Ai and Aj are σ-primary for some i 6= j, then G = AiAj is generalized σ-soluble, which
contradicts the choice of G.
8
(3) If Al is σ-soluble and L is a minimal normal subgroup of Al, then for some t 6= l we have
Oσt(At) = 1, so At is σ-primary.
We can assume without loss of generality that l = 2. Let L be a minimal normal subgroup of
Al = A2. Then L is a σi-group for some prime i since A2 is σ-soluble by hypothesis. On the other
hand, again by hypothesis, |G : NG(O
σ1(A1))| and |G : NG(O
σ3(A3))| are σ-coprime, so at least
one of the numbers, |G : NG(O
σ3(A3))| say, is a σ
′
i-number. But G = A2A3 = A2NG(O
σ3(A3)), so
|A2 : A2 ∩NG(O
σ3(A3))| is a σ
′
i-number. Hence
L ≤ A2 ∩NG(O
σ3(A3)) ≤ NG(O
σ3(A3)).
Therefore
R ≤ LG = LA2NG(O
σ3(A3)) = LNG(O
σ3(A3)) ≤ NG(O
σ3(A3))
by Claim (1).
Suppose that Oσ3(A3) 6= 1 and let H = O
σ3(A3) ∩ R. If H 6= 1, then H is a non-identity
normal generalized σ-soluble subgroup of R since A3 is generalized σ-soluble by hypothesis. Hence
R is generalized σ-soluble, contrary to Claim (1). Thus H = 1, so Oσ3(A3) ≤ CG(R) ≤ R, so
Oσ3(A3) = 1 by Claim (1). This contradiction completes the proof of (3).
Final contradiction. Since A1 is σ-soluble by hypothesis, Claim (3) implies that one of the
subgroups A2 or A3, A2 say, is σ-primary. Then A2 is σ-soluble and so, again by Claim (3), one of
the subgroups A1 or A3 is also σ-primary. But this is impossible by Claim (2). This contradiction
completes the proof of the result.
Proof of Theorem A. We can assume without loss of generality that H is a σ1-group, 2 ∈ σ1
and H = {H1, . . . ,Ht}, where Hi is a σi-group for all i = 1, . . . , t. Then t > 2 since otherwise G and
HG are generalized σ-soluble.
(i) This assertion, in fact, is a corollary of Theorem D. Indeed, let Ei = H1 · · ·Hi−1Hi+1 · · ·Ht for
all i = 1, . . . , t. Then, by induction, E1, . . . , Et are generalized σ-soluble and, by the Feit-Thompson
theorem, E1 = H2 · · ·Ht is soluble. Since t > 2, and evidently, the indeces |G : E1|, |G : E2|, |G : E3|
are pairwise σ-coprime, G is generalized σ-soluble by Corollary 1.6.
(ii) Assume that this assertion is falls and let G be a counterexample of minimal order. By
hypothesis, HAx = AxH for all x ∈ G and all A ∈ H such that (|H|, |A|) = 1.
(1) For some i > 1 and x ∈ G we have Hxi  NG(H).
Indeed, suppose that for all i > 1 and all x ∈ G we have Hxi ≤ NG(H). Then
E = (H2)
G · · · (Ht)
G ≤ NG(H)
and so HG = HH1E = HH1 ≤ H1 is generalized σ-soluble, a contradiction. Hence we have (1).
(2) HGR/R is generalized σ-soluble.
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It is clear thatH0 = {H1R/R, . . . ,HtR/R} is a complete Hall σ-set ofG/R andHR/R ≤ H1R/R.
Moreover,
(HR/R)(HiR/R)
xR = HHxi R/R = H
x
i HR/R = (HiR/R)
xR(HR/R)
for all i > 1 and all xR ∈ G/R. Therefore HR/R is σ-semipermutable in G/R with respect to H0,
so (HR/R)G = HGR/R is generalized σ-soluble by the choice of G.
(3) Every minimal normal subgroup of G is not generalized σ-soluble.
Indeed, if R is generalized σ-soluble, then from the isomorphism HGR/R ≃ HG/HG ∩ R and
Claim (2) we get that HG is generalized σ-soluble, contrary to the choice of G.
Final contradiction for (ii). Let i > 1. By hypothesis, HHxi = H
x
i H for all x ∈ G. Om the other
hand, Oσ1∪σi(G) = 1 by Claim (3). Therefore [H
G,HGi ] = 1 by Lemma 2.11, contrary to Claim (1).
Hence Assertion (ii) holds.
The theorem is proved.
In fact, Theorem C is a corollary of the following
Proposition 3.1. If G is σ-full, then Hσ = Xσ.
Proof. First we show Hσ ⊆ Xσ. Assume that this is false and let G be a group of minimal
orderin Hσ \ Xσ. Then |σ(G)| > 2. By hypothesis, G has a complete Hall σ-set H = {H1, . . . ,Ht}
satisfying the condition Hxi H
y
j = H
y
jH
x
i for all x, y ∈ G and all i 6= j. We can assume without loss
of generality that Hi is a σi-group for all i = 1, . . . , t. Let R be a minimal normal subgroup of G
(1) G/R ∈ Xσ . Hence R is the only minimal normal subgroup of G.
First note that since G ∈ Hσ , we have G/R ∈ Hσ by Lemma 2.2 and so G/R ∈ Xσ by the choice
of G. Now assume that G has a minimal normal subgroup N 6= R. Then G/N ∈ Xσ, so from the
G-isomorphism RN/N ≃ R, Lemma 2.3 and the Jordan-Ho¨lder theorem for groups with operators
[8, A, 3.2] we get that G ∈ Xσ, a contradiction. Hence we have (1).
(2) G is generalized σ-soluble. Hence R is a R is a σi ∪ σj-group for some i, j (This follows from
Theorem C(i)).
(3) Oσl∪σk(G) = 1 for all k, l such that σ(R) 6⊆ Oσi,σj . (This follows from Claims (1) and (2)).
(4) Hσ ⊆ Xσ.
Let σk ∈ σ(G) such that i 6= k 6= j. First assume that σ(R) = {σi, σj}. Then R = (R ∩Hi)(R ∩
Hj). Claim (1) implies thatOσi∪σk(G) = 1 and Oσj∪σk(G) = 1. Then, by Lemma 2.11, H
G
k ≤ CG(Hi)
and HGk ≤ CG(Hj). Therefore H
G
k ≤ CG(R). Therefore G/CG(R) is a σi ∪ σj-group and so G ∈ Xσ
since G/R ∈ Xσ by Claim (1), a contradiction. Hence we can assume that σ(R) = {σi}.
Let l 6= k and l 6= i 6= k. Then Oσl∪σk(G) = 1 by Claim (3). Hence [H
G
l ,H
G
k ] = 1 by Lemma
2.11. Therefore from Claim (1) we get that Hl ≤ CG(R) for all l 6= i and so G/CG(R) is a σi-
group. Therefore we again get that G ∈ Xσ. This contradiction completes the proof of the inclusion
Hσ ⊆ Xσ.
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Now we show that if G ∈ Xσ, then VW = WV for every Hall σi-subgroup V , every Hall σj-
subgroup W of G and all i 6= j. Assume that this is false and let G be a counterexample of minimal
order. Then |σ(G)| > 2.
(a) G = RVW . Hence G/R is a σi ∪ σj-group
Lemma 2.4 implies that the hypothesis holds for G/R, so the choice of G implies that
(V R/R)(WR/R) = (WR/R)(V R/R) = VWR/R.
Hence RVW is a subgroup of G. Suppose that RVW < G. For each k 6= i, j, Hk ∩ R is a Hall σk
subgroup of RVW . Therefore the hypothesis holds for RVW by Lemma 2.4 and so VW = WV , a
contradiction. Thus we have (a).
(b) R is the unique minimal normal subgroup of G. Hence R is a p-group for some p ∈ σi.
Indeed, suppose that G has a minimal normal subgroup N 6= R. Then G/N is a σi ∪ σj-group
by Claim (1), so G ≃ G/R∩N is a σi ∪σj-group. Hence |σ(G)| = 2, a contradiction. Therefore R is
the unique minimal normal subgroup of G. Suppose that R is non-abelian. Then CG(R) = 1, since
CG(R) is normal in G. Hence G ≃ G/CG(R) is σ-biprimary, a contradiction. Thus we have (b).
(c) R is a Sylow p-subgroup of G.
Assume that R is not a Sylow p-subgroup of G. Since G = RVW , by Claim (5), but VW 6=WV ,
it follows that R  VW . Hence for a Sylow p-subgroup P of G we have P ∩ V = 1 = P ∩W . Hence
P  RVW = G, a contradiction. Thus we have (c).
(d) Xσ ⊆ Hσ.
In view of Claims (b) and (c), there is a maximal subgroup M of G such that G = RM and
MG = 1. Hence, for some k, we have R = CG(R) = Op = Hk by [8, A, 15.6]. Then σk 6∈ σ(G/CG(R)),
so G/CG(R)) = G/R is a σl-group for some l since G ∈ Gσ by hypothesis. But then |σ(G)| ≤ 2.
This contradiction completes the proof of the inclusion Xσ ⊆ Hσ.
From Claims (c) and (d) we get that Xσ = Hσ. The theorem is proved.
Proof of Theorem D. The implications (i) ⇒ (ii) and (ii) ⇒ (i) directly follow from Theorem
A.
Let X be the class of all σ-biprimary σ-soluble groups. Then from Lemma 2.2 it follows that if
A is a group satisfying A ≃ A∗/R for some A∗ ≤ A1 × · · · ×At and A1, . . . , At ∈ X, then A satisfies
also Condition (i). Thus (iii) ⇒ (i).
Now we show that (i) ⇒ (iii). Assume that this is false and let G be a group of minimal order
among the groups which satisfy Condition (i) but do not satisfy Condition (iii). Since G is σ-soluble,
it has a complete Hall σ-set H = {H1, . . . ,Ht} and, by hypothesis, H
x
i H
y
j = H
y
jH
x
i for all x, y ∈ G
and all i 6= j. We can assume without loss of generality that Hi is a σi-group for all i = 1, . . . , t.
Then t > 2 since otherwise Condition (iii) holds for G.
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Let L be a minimal normal subgroup of G. Since G is σ-soluble, L is σ-primary, L is a σ1-
group say. Let F be the class of groups A which can be represented in the form A ≃ A∗/R, where
A∗ ≤ A1 × · · · × At for some A1, . . . , At ∈ X. Lemma 2.2 implies that Condition (i) holds for G/L,
so G/L ∈ F by the choice of G. If G has a minimal normal subgroup N 6= L, then also we have
G/N ∈ F, so G ≃ G/1 = G/L ∩ N ∈ F by Lemma 2.7. Thus L is the unique minimal normal
subgroup of G.
Now let j 6= i 6= 1 6= j, and let A = Hi and B = Hj. Then AB
x = BxA for all x ∈ G. It is clear
also that Oσi∪σj (G) = 1. Then [A
G, BG] = 1 by Lemma 2.10. Now using Lemma 2.8, we get that
G ∈ F. This contradiction completes the proof of the result.
Proof of Theorem E. Assume that this is false and let G be a counterexample of minimal
order. Let H = {H1, . . . ,Ht}. Then t > 2. We can assume without loss of generality that Hi is a
non-identity σi-group for all i = 1, . . . , t. Let Ni = NG(Hi) for all i = 1, . . . , t.
First we show that G is not simple. Assume that G is a simple non-abelian group. Then
|G : Ni| 6= 1 is σ-primary for all i = 1, . . . , t.
Let |G : N1| be a σi-number and I0 = {1, . . . , i} \ {1, i}. Then I0 6= ∅ since t > 2. We can assume
without loss of generality that i = t. If for some k ∈ I0, |G : Nk| is not a σt-number, then G = N1Nk
and |G : N1 ∩ Nk| = |G : N1||G : Nk| is a σ
′
k-number, so Hk ≤ N1 ∩ Nk since N1 ∩ Nk ≤ NG(Hk).
Therefore
HGk = H
NkN1
k = H
N1
k ≤ N1,
so G is not simple since N1 6= G, a contradiction. Therefore |G : Nk| is a σt-number for all
k = 1, . . . , t− 1.
Let |G : Nt| be a σk-number and j ∈ {1, . . . , t} \ {k, t}. Then G = NjNt and Hj ≤ Nj ∩ Nt,
Hence HGj = H
NjNt
j = H
Nt
j ≤ Nt, so G is not simple.
Now let R be any non-identity normal subgroup of G. Then {H1R/R, . . . ,HtR/R} is a complete
Hall σ-set of G/R. On the other hand, since NiR/R ≤ NG/R(HiR/R) and |G : Ni| is σ-primary,
NG/R(HiR/R) is σ-primary. Therefore the hypothesis holds on G/R for any minimal normal sub-
group R of G. Hence the choice of G implies that G/R is generalized σ-soluble, and consequently R
is not generalized σ-soluble.
It is clear that {R1, . . . , Rt} is a complete Hall σ-set of R, where Ri = Hi ∩R for all i = 1, . . . , t.
Moreover, we have also Ni ≤ NG(Ri) and so from |NiR : Ni| = |R : R∩Ni| we get that |R : NR(Ri)|
is σ-primary. Therefore the hypothesis holds for R and R < G since G is not simple. Therefore R is
generalized σ-soluble by the choice of G. This contradiction completes the proof of the result.
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